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INTRODUCTION 
Ferromagnetic steels usually have a high value of relative penneability which means 
that, for frequencies commonly used in eddy-current non-destructive evaluation, the 
electromagnetic skin-depth is typically much smaller than the depth of a crack. This 
behavior allows the use of approximate, thin-skin theories to describe the interaction 
between induced eddy-currents and surface-breaking cracks in steel. Thin-skin 
approximations are also appropriate for use with non-magnetic materials at sufficiently high 
frequency. Auld et al [1] treated the high-frequency, surface-crack problern in aluminium 
using a magnetic scalar potential formulation. The surface impedance boundary condition 
was applied to the field on the crack faces to obtain an expression for the impedance change 
in the coil due to the defect in terms of known field components. This approach was 
followed in a more recent treatment of the lang, surface crack by Burke [2]. 
The surface impedance boundary condition may be derived from Faraday's Law by 
assuming that the field values vary much more rapidly in the direction normal to the 
boundary than they do in the direction tangential to the boundary. The relation 
- zk-11 X Et = --Ht 
(1 
(1) 
is obtained, where a is the material condudivity. k = (1 + z)/6, 6 is the electromagnetic 
skin-depth, h is the unit vector normal to the houndary and t denotes tangential field 
components. The validity of {1) relies upon the radins of curvature of the boundary being 
sufficiently large ( » o). 
A thin-skin theory describing eddy-current interaction with a long, surface crack in 
either ferromagnetic or non-magnetic metals has been developed by Lewis [3]. The 
formulation is again in terms of the magnetic scalar potential but. in Lewis's analysis, the 
surface impedance boundary condition is applied to the field at the surface of the conductor 
with a modification to account for the presence of the crack. Here, we adopt a more general 
approach in which the fields in the conductor are decomposed into transverse magnetic 
(TM) and transverse electric (TE) scalar potentials and the problem is then formulated in 
terms of the TM potential for arbitrary frequency. Starting with a general theory makes it 
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Figure 1: Cross-section through a long, surface crack in steel. 
possible to study in detail the consequences of approximations that are made to arrive at 
the thin-skin limit and rnake direct comparison with theories based on the surface 
impedance boundary condition. The appruach presented here is valid for both magnetic and 
non-magnetic conductors. The problern of the long, surfaee erack is solved as an example 
and good agreement between theoretical predietions and experimental results is obtained. 
FORMULATION 
The geometry of the surface erack problern is shown in cross-section in Figure 1. The 
crack is excited by a normal coil in air. lt is assumed that the electromagnetic fields vary as 
the real part of exp( -zwt), that the material properties are linear, that the displacement 
current is negligible and that the steel is sufficiently thick to behave as a half-space. For the 
purpose of calculating the fields it is also assumed that the crack is 'ideal', having negligible 
opening but forming a perfect barrier to the fiow of current. 
Scalar Decomposition 
The field calculation proceeds by decomposing the electric and magnetic fields in the 
conductor into transverse electric and transverse magnetic components [4]: 
E(r) 
H(r) 
ZWfLOJ-!r [\7 X X'I/J1 (r) - \7 X \7 X i'I/J11 (r)] . 
\7 X \7 X i'ljl1(r)- k 2 \7 X i'I/J11 {f). Z < 0, 
{2) 
(3) 
where the preferred direction, x, is normal to thc crack plane, '1/J' is the TE potential and '1/J" 
is the TM potential. The ideal crack assurnptiou leads to the eondition 
E(r) · i: = 0. 
where Sc is the crack surface. Applying (4) to (2) gives 
\7;'1/J"(r) = o. 
where \7~ is the Laplacian operator transverse to x. Note that (5) is valid for arbitrary 
frequency and skin-depth. 
(4) 
(5) 
The transverse electric field does not interact directly with an ideal crack. The scattering 
process can therefore be described purely in terrns of the transverse magnetic potential, '1/J". 
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Boundary Conditions 
The transverse magnetic potential, 'lj/'. satisfies the two-dimensional Laplace equation on 
the crack surface. In order to determine the surface Laplacian, boundary conditions at the 
edge and mouth of the crack must be defined. The following thin-skin condition is derived 
by assuming that the component of magnetic flux normal to the crack edge is zero [3): 
'1/J"(re) = 0, 
where 'fe is the co-ordinate of a point at the crack edge. 
The boundary condition at the crack mouth can be determined from an integral 
equation for the TM potential [5]: 
-\ f GrM(r, r')p(r')dJ'' + '1/J" (r) = '1/J"(•>(r), 
k Jsc 
(6) 
(7) 
where p('f) is a current dipole density on the surface of the crack [6]. In the thin-skin regime, 
the current dipole density on the crack cau be related to the TM potential as follows [5): 
Differentiating (7) with respect to z and using the above relation gives 
a ä'I/J"C) iN"(•>(-) 
2ik { -GrM(r,r')'I/J11 (r')df' + --1-· = T . Jsc oz oz oz 
where, apart from a factor of -k2 , successive terms represent the scattered, total and 
incident parts of the y-component of the magnetie field. The superscript (z) denotes the 
incident field. Restricting (9) to the crack mouth gives the required boundary condition 
there: 
ä {)'ljJ"(- ) 8'1jJ11(•)(- ) 
2ik f -0 Gru('fm,r')'I/J"(r')d'f' + 0 Tm = 0 Tm , ls" z z z 
where 'Fm is the co-ordinate of a point at the crack mouth, 
(8) 
(9) 
(10) 
G (- -;') ___ 1_ !00 !"" ~ (~ _ /Lr) JLrh'2 -')z'-•u:r'+ov(y-y')d d TMTm,1 - (211')2 -oo -oott2-k2 K. 'Y [(p~-1)K.2+k2]e uv, 
(11) 
'Y = (u2 + v2 - k2)112 and K. = (u2 + v2)112. The Green's function. Gru, is strongly 
dependent on JLr and its proper treatment is essential for describing eddy-current interaction 
with cracks in steel. For JLr = 1, the first term in (10) is negligible and Auld's 
approximation, Hy('fm) ::::: H~')('Fm), is reeovered [1]. 
In the thin-skin regime, the effective range of the Green's function issmall (of the order 
of a few skin-depths). As a first approximation, it can be assumed that the TM potential is 
constant over this range. Then. '1/J"(r) can be extracted from the integral in (10), yielding a 
more simple form for the boundary condition. This feature will be exploited in the following 
treatment of the long craclc 
COIL IMPEDANCE 
The impedance change in a coil due to the presence of a defect can be calculated, in the 
thin-skin limit, using the following integral over the crack mouth [1]: 
(12) 
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where I is the current flowing in the coil. Write 
llZ = Zs +ZF (13) 
where 
Zs 12 1 [E<•lxH]·zdS, I mouth (14) 
= _..!._ 1 [EI x n<•>] . zds. 
I 2 mouth 
(15) 
Expressions (14) and (15) can be written in terms of the TM potential and magnetic field 
alone by using the surface impedance boundary condition of equation {1) and performing a 
manipulation similar tothat presented by Auld et al [1]. The effect offinite gape can be 
approximated by assuming that the slot gape is sufficiently small to allow continuity of the 
transverse magnetic field components acrm;s the crack. The following line integrals are then 
obtained, 
Zs - ika 1 [n<•ln l d I 2 V Y y, (1 'lll.O'ltth (16) 
Zp = k2 ( 2 /tc . ) 1 [ 11 ] - 2 k a- +2·tk '1/J Hy dy 
ai P.r mouth 
(17) 
where a is the crack gape and P.c is the relative permeability of the material within the crack 
volume. Note that, if P.r = 1, Hy in (16) and (17) can be replaced by H~') according to 
Auld's condition at the crack mouth. The moregeneralform given in equations (16) and 
(17) arises as a consequence of applying the general boundary condition at the crack mouth, 
equation (10). The term Zs vanishes as a-+ 0, and can be attributed to loss of conductor 
surface on introduction of the flaw. The term Zp consists of two contributions of different 
order in k. The contribution O(k2 ) is related to the crack volume and that of O(k) to the 
crack faces. For a typical crack in a magnetic material the volume term is usually negligible; 
an observation which is in agreement with previous work [7]. 
LONG CRACK 
Field Calculation 
As an example, the long, surface crack of uniform depth will be considered. Fourier 
transforming (5) and (6) in y gives 
( {)2 2) ./."( ) az2 - v 'P O,v,z = 0, -d :s; z :s; 0. 
and 
'1/~"(0.v. -d) = 0, 
where the tilde denotes the Fourier transform and v is the Fourier variable. Fourier 
transforming (10) with respect to y gives 
(18) 
(19) 
. -"( ljo ö- ') 'I ö;f"(O.v.z)l 2~k'I/J O,v,O ßGTJI.t(v,z,z dz + a 
-oo Z z=O Z z=O 
ö,;fi"(•l(O. v. z) I 
az ' (20) 
z=O 
where we have exploited the limited range of the Green's function in the thin-skin regime by 
extracting the TM potential from the integral and extending the lower limit to infinity. 
Equation (20) can be written 
- -II a;f"(O.v.z) I - 1 -(•) U(v)v'I/J (O.v,O) + öz -- k2 HyTAI(O.v.O), 
z=O 
(21) 
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where, from (11), 
(22) 
The general solution of (18) is 
;j;"(O, v, z) = a(v)e-v(z+d) + b(v)ev(z+d), -d ~ z ~ o. (23) 
Applying (19) to (23) gives 
b(v) = -a(v). (24) 
Applying the boundary condition at the crack mouth, (21), gives 
.T."(O ) _ _ sinh[v(z + d)] H-(•) (O O) 
'I' ,v,z - - yTM ,v, . 
vk2[U(v) sinh(vd) + cosh(vd)] 
(25) 
In order to calculate the impedance change using ( 16) and ( 17), the y-component of the 
magnetic field at the crack mouth is also required. In parallel with (9), the y-component of 
the scattered part of the magnetic field at the crack mouth, H~")(rm), can be written 
where 
n~•l(rm) = 2zk f ~ G(rm,r')1/l"(r')dr', }.c:;c UZ (26) 
Fourier transforming (26) in y, and again making the assumption that 1/J" is approximately 
constant over the small range of infl.uence of the Green's function in the thin-skin regime, 
gives 
(28) 
where 
(29) 
Now, in the thin-skin limit, 
-(•) -() HyTM(O, v, 0) ~ Hy' (0, v, 0). (30) 
Substituting (25) into (28) and using (30) gives, for the total magnetic field, 
jj (O v O) ~ 1 + [Ü(v~ + V(v)] tanh(vd) jj(•l(o v.O). 
Y ' ' 1 + U(v) tanh(vd) " ' , 
(31) 
Explicit forms for Ü and V are obtained by perfonning the integrations in (22) and (29). 
Splitting the integrands by partial fractions yields the form 
I- Joo du 
- -oo (v,2 + a2) J-u2 + ß2. (32) 
Making the Substitution t = u/ .ju2 + ß2 thC'n gives the standardintegral [8] 
J ....!!:::__ = ! ln (~) 1- x 2 2 1- x · (33) 
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Figure 2: lmpedance change in a pancake r.oil centered over a long crack in mild steel. 
The resulting expressions can be written in a simple form for 1-'r » 1 by noting that, 
typically, v « k. With these approximations equation (31) reduces to 
- ~[ ( (1+J(2+1) ]-l_(i) Hy(O, v, 0) - 1- . ß2""7"1ln ß2""7"1 tanh{vd) Hy (0, v, 0), 7rty(-+1 1-y(-+1 {34) 
where ( = f-Lrv/k. The expression given in (34) is r.onsistent with a similar one derived for 
Hz by Lewis [3]. 
lmpedance Calculation 
The impedance change in a pancake coil was calculatcd using field values given by (25) 
and (34). H~i) was calculated using the closcd form expression of Dodd and Deeds [9]. 
COMPARISON OF PREDIGTIONS WITH EXPEIUMENTAL DATA 
In Figure 2, theoretical predictions of !::.Z (solid linc) are compared with experimental 
data (dots) for a coil centered over a long crack in steel for a range of frequencies. To 
demonstrate the crucial nature of the boundary condition at the crack mouth, the 
predictions which are obtained when Ü(v) in (21) is zeroarealso shown (dashed line). This 
comparison is chosen since Ü(v) ~ 0 for f-Lr = 1. There is a clear improvement arising from 
the proper treatment of the boundary condition at the crack mouth. The error in Re(!::.Z) is 
~ 7% and that in Im(!::.Z) is ~ 10%. In Figure 3, thcoretical predictions are compared with 
experimental data for a long slot in steel. Predictions a.re shown for three values of 1-'r· It is 
interesting to note that a better fit to the data is obtained for a value of /-Lr higher than that 
measured experimentally. A possible explauation for this is that the permeability of the 
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Figure 3: Impedance change in a pancake coil centet Pd owr a long slot in mild steel. Predic-
tions are shown for three values of Jl.r· 
Table 1: Experimental parameters for frequency scans with a pancake coil centered over a 
defect in mild steel. 
material a/0. -lm 6.7 X lüu 5.587 X 10° 
P,r 150 87 ± 5 
defect type crack EDM slot 
depth/mm 3.3 2.95 ± 0.05 
gape/mm 0.0 0.33 ± 0.03 
coil inner radius/mm 9.65 3.015 
outer radius/mm 9.70 5.46 
stand-off/ mm 0.6 1.29 
length/ mm 4.5 2.94 
no. of turns 39 900 
frequency /Hz 5.000 X 103 - 1.489 X 106 1.0 X 103 - 1.0 X 105 
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material near the slot (where direct measurement is not possible) may change significantly 
during the making of the slot. Experimental parameters are given in Table 1. 
CONCLUSION 
The impedance change in a coil due to a defect is strongly affected by the value of 
permeability of the fl.awed material. This dependence can be embodied theoretically in the 
boundary condition on the magnetic field at the crack mouth. The formulation in terms of 
the transverse magnetic potential introduced here gives a Laplace problern on the crack 
which is valid for arbitrary frequency. In this work, the thin-skin restriction enters only 
through the nature of the approximations made in treating the boundary conditions at the 
crack edge and mouth. The long, surface-cra.ck problern is solved using a Fourier transform 
method and good agreement is obtained between theoretical predictions and experimental 
measurements. As a next step, it is intended to exploit the Lapla.ce formulation and derive 
solutions for a nurober of crack shapes using the technique of conformal mapping. 
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